A method is presented by which uncertainty relations in the absence of quantum memory can be converted to those in the presence of quantum memory. It is shown that the lower bounds obtained through the method are tighter than those having been achieved so far. The method is also used to obtain the uncertainty relations for multiple measurements in the presence of quantum memory. For a given state, the lower bounds on the sum of the relative entropies of unilateral coherence are provided using uncertainty relations in the presence of quantum memory, and it is shown which bound is tighter.
I. INTRODUCTION
The uncertainty principle is the central core of quantum theory and leads to the unpredictability of quantum phenomena. It sets a lower bound on the uncertainties product of the measurement outcomes of any two incompatible observables on a system in terms of average value of their commutator. The Heisenberg uncertainty principle sets a lower bound on the total variance of the two observables [1] . Regarding the principle along with any two observablesQ and R, one can write the following inequality for a system in a pure quantum state like |ψ
where ∆Q(∆R) indicates the standard deviation of the associated observable Q(R)
The first attempt for formulating the uncertainty principle in terms of Shannon entropies of the probability distributions of two observables was done in 1983 [2] . It was improved in 1987 [3] and a proof was provided in 1988 [4] . Considering two observables X and Z, with eigenbases {|x i } and {|z i }, respectively, the relation is obtained as
for any quantum state ρ. In Eq.3 H(O) = k p k log 2 p k , is the Shannon entropy of the measured observable O ∈ * Electronic address: shsalimi@uok.ac.ir {X, Z}, where p k is the probability of the outcome k, c = max i,j c ij , in which c ij = | x i |z j | 2 ,and q MU is called incompatibility measure. The uncertainty relation has many applications in quantum information tasks, including quantum key distribution [5, 6] , quantum random number generation [7, 8] , entanglement witness [9] , EPR steering [10, 11] , and quantum metrology [12] . Many efforts have been made to expand and reform this relation [6, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [31] [32] [33] , for instance Berta et al. [6] have studied the uncertainty principle in the presence of quantum memory and obtained
where S(X|B) = S(XB)−S(B) and S(Z|B) = S(ZB)− S(B) are the conditional von Neumann entropies of the post measurement states and S(A|B) = S(AB) − S(B) is the conditional von Neumann entropy. Eq.4 leads to some consequences. Firstly, if the measured part A and quantum memory part B are entangled, the uncertainty lower bound reduces due to the negativity of conditional entropy S(A|B). Secondly, the part B can exactly guess the measurement outcomes on the part A provided that A and B are maximally entangled, and finally, in the absence of the quantum memory, Eq.4 reduces to
which is tighter than Eq.3, due to this fact that the measured particle is in a mixed state meaning that S(A) > 0. In Ref.
[16], Berta's lower bound was improved by an additional term as
where
is called the classical correlation, in which minimization is performed over all POVMs {Π A i } acting on measured part A. D A (ρ AB ) is called quantum discord and defined as the difference between the total correlation I(A; B) = S(ρ A ) + S(ρ B ) − S(ρ AB ) and the classical one. In Ref. [24] , it is proved that the sum of the uncertainties S(X|B) and S(Z|B) is lower bounded by an additional term depending on the Holevo quantity and mutual information as 
is the Holevo quantity and it is equal to the upper bound of the part B accessible information about the part A measurement outcomes. Note that when observable P is measured on the part A, the i-th outcome with proba-
) is obtained and the part B is left in the corresponding state ρ
. If the part B is removed, Eq.8 reduces to:
which is the same as Eq.5. The main purpose of this paper is to provide a method which can be applied to convert the uncertainty relations in the absence of quantum memory to those in the presence of quantum memory. It is also shown that the unilateral coherence of a given bipartite quantum system in one measurement basis is restricted by the unilateral coherence of the same quantum system in other measurement bases. As a result, one can write quantum uncertainty relations in terms of unilateral coherence. The paper is organized as follows: In Sec.II a general method is proposed to convert uncertainty relations to uncertainty relations in the presence of quantum memory. In Sec.IIIthe method is applied for entropic uncertainty relations for multiple measurements. Sec.IV presents a brief review on quantum coherence. Using the uncertainty relations in the presence of quantum memory are obtained uncertainty relations for unilateral coherence in Sec.V. Finally, the results are summarized in Sec.VI.
II. CONVERT UNCERTAINTY RELATIONS WITHOUT THE PRESENCE OF QUANTUM MEMORY TO UNCERTAINTY RELATIONS IN THE PRESENCE OF QUANTUM MEMORY
In this section, a method is introduced by which it is possible to convert uncertainty relations in the absence of quantum memory to uncertainty relations in the presence of quantum memory. Assume that the general form of the uncertainty relation for N measurements
where LB is an abbreviation for lower bound. Using the Holevo quantity, this relation can be transformed into uncertainty relation in the presence of quantum memory. To achieve this aim, let subtract both sides of the inequality in Eq.10 by
and use the identity:
to get:
which is an uncertainty relation in the presence of quantum memory. As can be seen, this is a simple way applied to the entropy-based uncertainty relations, to convert them to those in the presence of quantum memory.
III. ENTROPIC UNCERTAINTY RELATIONS FOR MULTIPLE MEASURMENTS
Several entropic uncertainty relations for multiple measurements have been proposed [28] [29] [30] . Using Eq.10 and Eq.12, it can be shown that it is possible to make the lower bounds of these relations tighter. In (2015) [28] an entropic uncertainty relation for multiple measurements was provided as:
and S(ρ) is the von Neumann entropy of quantum state ρ. In the presence of quantum memory the relation is converted to:
where b is same as Eq.13. In Eq.13, let use use the identity introduced in Eq.11. The result is
Substituting S(ρ) = S(A|B) + I(A; B) into Eq.16, one obtains
which can be rewritten as
In the case δ ≥ 0, Eq.17 represents an improvement to Eq.14. It has been shown [24] that δ is a non-negative real number for many states such as Bell diagonal states, Werner states, and maximally correlated mixed states. In the same way, one can convert the uncertainty relation:
obtained in [29] , to that in the presence of quantum memory, which is
that is tighter than the corresponding relation obtained in [29] . Another example is the following entropic uncertainty relation for multiple measurements [30] :
where ω is the universal majorization bound of N measurements and B is certain vector of logarithmic distributions. In the presence of quantum memory, Eq.20 is converted to:
According to what has been said so far, one can conclude that this method not only makes it possible to obtain any uncertainty relation in the presence of a quantum memory, but also to provide a tighter lower bound for that relation. To illustrate these results we consider three two-dimensional observables (X = σ x , Y = σ y , Z = σ z ) measured on the Werner state
where |ψ + = 1/ √ 2(|00 + |11 ) is the maximally entangled state with 0 ≤ η ≤ 1. Eigenvectors of the mentioned observables are given by
In Fig.1 one consider the three complementary observables X, Y and Z corresponding to Pauli matrices σ x , σ y and σ z respectively and the measurement is done on the Werner state. As can be seen from Fig.1 our entropic uncertainty lower bound is tighter than Zhang entropic uncertainty lower bound.
IV. QUANTUM COHERENCE
Quantum coherence represents important feature of quantum physics that mark the deviation of quantum mechanics from the classical world. According to the definition of quantum coherence the notion of quantumness also valid in single systems. As coherence is defined to quantify the quantumness on the specified basis, it is logical to define coherence to be generalized quantum uncertainties [34] . Now, let us review the fundamental and accurate method for quantifing coherence. It is introduced by Baumgratz et al. in [36] . To define a coherence measure we have to know which states are incoherent. At first, consider the quantum states in the d-dimensional hilbert space H d with a particular basis {|i } i=1,...,d . All quantum states, which are displayed by diagonal density matrixδ = The l 1 -norm of coherence and relative entropy of coherence [36] are proper coherence measures which satisfy the conditions listed above. Here, in this manuscript, we consider relative entropy of coherence as coherence measure. Letδ = d i=1 δ i |i i| ∈ I and for desired ρ = i,jρ i,j |i j| one can remove off-diagonal element and obtain diagonal density matrix asρ dia = iρ i,i |i i|, according to the relative entropy definition S(ρ σ) = T r[ρ log 2ρ ] − T r[ρ log 2σ ] relative entropy of coherence is defined as
Based on above equation and that S(ρ δ ) = S(ρ dia ) − S(ρ) − S(ρ dia δ ) then we have
For a bipartite system AB, it is possible to consider the coherence with regards to a local basis on subsystem A, it is called unilateral coherence [37] .Thus, A-incoherent state is defined with respect to the basis of subsystem A(i.e. {|i A } ), as [38] σ AB ∈ I B|A , σ AB =
these states have been called quantum-incoherent states [39] . A-incoherent operations Λ B|A IC take I B|A to itself. A measure of unilateral coherence for a bipartite density matrix ρ AB satisfy above mentioned four properties and is given by
here we call it the relative entropy of unilateral coherence. It can also be written as
with ρ dA AB is the block diagonal part of density matrix ρ AB in the chosen basis {|i A } on A part.
V. QUANTUM COHERENCE AND ITS UNCERTAINTY RELATION
In this section we will show that the unilateral coherence of a given quantum system in one measurement basis is restricted by the unilateral coherence of the same quantum system in other measurement bases for bipartite quantum systems. We concentrate on bipartite quantum systems and the role of entanglement in unilateral coherence uncertainty relations. In particular, we provide lower bound on the sum of the unilateral coherence of a given state with respect to two different measurement bases. We also show that our lower bound is tighter than unilateral coherence uncertainty relation which is derived from Berta's uncertainty relation. The state of the bipartite system ρ AB after measuring the observable Q ∈ {X, Z}(with eigenbasis |q i ) will be converted into the state
which is the A-incoherent states with respect to |q i . From ref. [40] , The trade-off relation between the measurement uncertainty and its disturbance on the bipartite state ρ AB can be written as
the term on the left hand side of above trade-off relation represents the relative entropy of unilateral coherence in Eq.26 with respect to the measurement basis |q i
From 30 for two incompatible quantum measurements X and Z on part A we have
From this relation and Berta's result in Eq. 4, the coherence based uncertainty relation is written as
Also From Eq.8 we find the another uncertainty relation as
in this uncertainty relation the uncertainty lower bound(ULB) is tighter than uncertainty lower bound in Eq.32.
As an example to show how the (ULB) in Eq.33 is tighter than (ULB) in Eq.32, we consider a special class of two-qubit X states
(|01 + |10 ) is a maximally entangled state and 0 ≤ p ≤ 1. In the figure2, we have plotted the boundaries for this state and, it is seen that the lower bound of the Eq.33 is tighter than (ULB) in Eq.32. Similarly, we can obtain the uncertainty relations for unilateral coherence in several bases using the relations obtained in the Sec.III. For example from Eq.17 we can write an uncertinty relation for unilateral coherence in several bases as:
In Fig.3 Coherence uncertainty lower bound is plotted in term of parameter η. Our lower bound on coherence uncertainty is tighter than coherence uncertainty lower bound which is originated from Zhuang entropic uncertainty relation. 
VI. CONCLUSION
The uncertainty relation has many applications in quantum information tasks, and many efforts have been done to expand and reform this relation. In this work, we have presented a method by which it is possible to transform the uncertainty relations without memory particle into those in the presence of quantum memory. Also it was shown that with this method we can tighten the lower bound of uncertainty relations. We obtained two uncertainty relations for the sum of unilateral coherence defined on the basis of the relative entropy in two incompatible reference bases and compared the lower bounds of these two relations and showed which lower bound is tighter. Using the uncertainity relation in the presence of the quantum memory for multiple measurement, we obtained uncertinty relation for unilateral coherence in several bases.
